An operator formalism is developed for a description of charged electron-hole complexes in magnetic fields. A unitary transformation of the Hamiltonian that allows one to separate partially the center-of-mass and internal motions is proposed. We study an operator algebra that leads to the appearance of effective particles, electrons, and holes with modified interparticle interactions, and their coherent states in magnetic fields. The developed formalism is used for studying a two-dimensional negatively charged magnetoexciton X Ϫ . It is
I. INTRODUCTION
A quantum-mechanical description of a system of charged interacting particles in a magnetic field has long played a central role in many solid-state [1] [2] [3] [4] and atomic [5] [6] [7] physics problems. Recently, there has been considerable interest in such problems in the context of charged collective excitations in a two-dimensional electron gas in strong magnetic fields, 8 excitations in the fractional quantum Hall effect, 9, 10 charged skyrmions, 11 and charged magnetoexcitons in quantum wells. 12 The internal and the center-of-mass ͑CM͒ motions are generally coupled in a magnetic field B. Systems with a constant charge-to-mass ratio, such as one-component electron systems, 1, 6, 7 are the exception. For a neutral problem, such as the two-body hydrogen atom 5 or the exciton, 2, 4 there exists the possibility to separate the CM and internal variables in the Schrödinger equation. Generally, however, only a partial separation is possible. 6 Several formalisms have been developed in order to perform such a separation in a magnetic field. 7 In this work, we propose an operator approach for charged electron-hole systems in a magnetic field. This approach is a development of Ref. 13 , which exploited an exact dynamical symmetry, the noncommutative magnetic translation ͑MT͒. 3, 6, 7, 10 Here we show that in order to maintain both the MT and axial symmetry about the B axis, one can use a description in terms of coherent states of effective particles, electrons (e), and holes ͑h͒ in B or, alternatively, perform a unitary transformation of the Hamiltonian. The interparticle e-h interaction is modified by the transformation. We show that closed analytical expressions can be found for matrix elements of the interaction after summing contributions from an infinite number of higher Landau levels ͑LL's͒.
The developed formalism is applied in this work to a description of a two-dimensional ͑2D͒ charged magnetoexciton X Ϫ , a bound state of two electrons and one hole, in higher LL's. Charged magnetoexcitons were recently extensively studied experimentally 14 and theoretically. 12, 15 Spectral properties of a three-body problem in a magnetic field present a considerable general theoretical interest. 6, 7 Our approach is capable of describing the interaction between discrete X Ϫ states and the three-particle 2e-h continuum. We demonstrate that Fano resonances 16 are present in the spectra of X Ϫ optical transitions in strong fields. This is an indication that three-particle resonances-quasibound X Ϫ states embedded in a continuum-exist in 2D systems in higher LL's.
II. CHARGED e-h SYSTEMS IN MAGNETIC FIELDS
We start with a short overview of the dynamical symmetries of the Hamiltonian and of the operator formalism that is most suitable for describing these symmetries for single-particle 6,7,10 and few-particle 13 e-h states in B.
A. Hamiltonian and dynamical symmetries
The Hamiltonian describing charged interacting 2D particles in a perpendicular magnetic field Bϭ(0,0,B) is
where ⌸ j ϭϪiប" j Ϫe j A(r j )/c are kinematic momentum operators, and U i j (r) are interaction potentials that can be arbitrary. In the symmetric gauge Aϭ 1 2 Bϫr, Hamiltonian H is characterized by both axial symmetry, ͓H,L z ͔ϭ0, and by translational symmetry, ͓H,K ͔ϭ0. Here L z ϭ ͚ j (r j ϫ Ϫiប" j ) z is the operator of the total angular momentum projection and K ϭ ͚ j K j is the MT operator. 3, 6, 7, 15 The generators of MT's for individual particles are given by K j ϭ⌸ j Ϫ(e j /c)r j ϫB; in the symmetric gauge, K j (B)ϭ⌸ j (ϪB 
From Eq. ͑2͒ it follows that k 2 ϭk ϩ k Ϫ ϩk Ϫ k ϩ has the discrete oscillator eigenvalues 2kϩ1, kϭ0,1, . . . . There is a macroscopic ͑Landau͒ degeneracy in the oscillator quantum number k, which qualitatively describes the center of rotation of the charged complex in B. Therefore, the exact eigenstates of H can be labeled by the discrete quantum numbers M z and k; for e-h systems, because of the permutational symmetry, there are additional exact quantum numbers, the total spin of electrons, S e , and holes, S h , and their projections, S ez and S hz . Degeneracy in k leads to the existence of families of macroscopically degenerate states. Because of the commutation relation ͓L z ,k Ϯ ͔ϭϮk Ϯ , the quantum numbers M z and k are connected uniquely in each family; this was discussed in more detail elsewhere. 15 Another operator of interest is ⌸ ϭ ͚ j ⌸ j ; its components commute as ͓⌸ x ,⌸ y ͔ϭi(បB/c)Q. In analogy with Eq. ͑2͒, one therefore can introduce the second set of raising and lowering Bose ladder operators
where ϭͱc/បB͉Q͉ ⌸ . Note, however, that the operators Ϯ do not commute and, in general, do not form a simple algebra with the Hamiltonian. A special case is when all particles have the same cyclotron frequency cj ϭe j B/m j c: the operator algebra is closed
and the CM and internal degrees of freedom separate in this case.
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B. Single-particle e-h states
The formalism of Sec. II A can be applied to noninteracting particles. This leads to a description in terms of so-called factored 6, 7, 10, 17 single particle e and h states in a magnetic field,
where n is the LL number, which determines the energy ប ce(h) (nϩ 1 2 ), and ce(h) ϭeB/m e(h) are the cyclotron frequencies. The intra-LL oscillator quantum number is denoted here as m. It is a single-particle version of k; analogously to k, the energy is degenerate in m. Wave functions ͑5͒ are constructed with the help of the oscillator Bose ladder operators. 10, 17 For electrons ͑charge ϪeϽ0)
where the intra-LL operators B e † (r j )ϭϪiͱc/2បBe 
C. Three-particle 2e-h states: symmetries preserved
In what follows, we will consider the 2D three-particle 2e-h states ͑the charged exciton X Ϫ ) in a magnetic field B. The corresponding Hamiltonian is HϭH 0 ϩH int , where the free-particle part is given by
The interaction Hamiltonian is
In calculations ͑Sec. IV͒ we will consider the Coulomb interaction U ee ϭϪU eh ϭe 2 /⑀r. The total charge of the system QϭϪeϽ0, and the raising Bose operator is k Ϫ . In terms of the single-particle Bose ladder operators it takes the form
and is a combination of creation and destruction operators. The operator k Ϫ is associated with the exact MT symmetry, and its diagonalization is a necessary step that allows one to keep this symmetry intact. It is convenient first to perform an orthogonal transformation of the electron coordinates ͕r 1 ,r 2 ,r h ͖→͕r,R,r h ͖, where rϭ(r 1 Ϫr 2 )/ͱ2, and Rϭ(r 1 ϩr 2 )/ͱ2 are the electron relative and CM coordinates. The free Hamiltonian H 0 is a bilinear form in the coordinates and spatial derivatives. Because of the orthogonality of the transformation, H 0 conserves its form in the new variables: H 0 ϭH 0e (r) ϩH 0e (R)ϩH 0h (r h ). The creation operator ͓Eq. ͑2͔͒ takes the form ͓cf. ͑13͔͒
It can be diagonalized by introducing the transformed Bose ladder operators
This is the Bogoliubov canonical transformation generated by the unitary operator ͑see, e.g., Refs. 10, 18, and 19͒,
where ⌰ is the transformation parameter and uϭcosh ⌰ ϭͱ2, vϭsinh ⌰ϭ1. Now we have k Ϫ ϭB e † and k 2 ϭ2B e † B e ϩ1. The second linearly independent creation operator is
Charged e-h systems with an arbitrary number of particles are considered in Appendix A. We deal in fact with a sort of field-theoretical problem because the number of relevant states is infinite. As an example, the diagonalization of k Ϫ introduces a new vacuum state
͑19͒
A complete orthonormal basis compatible with both axial and translational symmetries can be constructed 13 as
ϵ͉n r n R n h ;klm ͘.
͑20͒
The tilde sign shows that the transformed vacuum state ͉0 ͘ and the transformed operators ͓Eqs. ͑15͒ and ͑18͔͒ are involved. In Eq. ͑20͒ the oscillator quantum number is fixed and is equal to k, while M z ϭn r ϩn R Ϫn h ϪkϩlϪm. The permutational symmetry requires that n r Ϫm must be even ͑odd͒ for electron singlet S e ϭ0 ͑triplet S e ϭ1 states͒. 
with cosh ⌰ϭͱ2, sinh ⌰ϭ1. The matrix F is symmetric, F T ϭF (T denotes a transposition͒, and unimodular, ͉DetF ͉ ϭ1, but nonorthogonal, F T F Ϫ1 . The Bose ladder operators are changed under the Bogoliubov transformations ͓Eqs. ͑15͒-͑18͔͒ according to the same representation:
In Eq. ͑16͒ we considered real transformation parameters ⌰; generally, ⌰ can be complex which corresponds to the SU(1,1) symmetry. 19 The Coulomb interparticle interactions ͓Eqs. ͑11͔͒ H int ϭH ee ϩH eh in the coordinates ͕r, 1 , 2 ͖ take the forms
, ͑24͒
The important result is that H int does not depend on 1 . Later on we will see ͑Sec. III C͒ that the new coordinates can be associated with new effective particles in B-two electrons with the coordinates r and 1 and one hole with the coordinate 2 .
B. Coherent states and Hamiltonian transformation
Note that Eq. ͑20͒ has a mixed form: the inter-LL operators are expressed by the variables ͕r,R,r h ͖, and the intra-LL operators by the variables ͕r, 1 , 2 ͖. From Eqs. ͑24͒ and ͑25͒ it is clear, however, that it is desirable to work in the coordinates ͕r, 1 , 2 ͖. As a first step, let us establish the coordinate representation of the transformed vacuum ͉0 ͘.
Disentangling the operators 10, 18 in the exponent of S , one obtains the normal-ordered form
Therefore,
͑27͒
State ͑27͒ is a coherent e -h state in the sense that the anomalous two-particle 20 expectation value exists,
In the terminology of quantum optics, 19 this is a two-mode squeezed state. In the present situation of particles in a magnetic field the squeezing has a direct geometrical meaning. In order to see this, let us obtain a representation of the vacuum in the coordinates ͕r,R,r h ͖.
Using tanh ⌰ϭ1/ͱ2, and cosh ⌰ϭͱ2, we have
Comparing Eq. ͑28͒ with Eq. ͑9͒ and using ͱ2Z*ϭz 1 * ϩz 2 * , we first note that the new vacuum state ͉0 ͘ contains contributions of an infinite number of e and h states in the zero LL. In fact it is a coherent state of the hole and the center-of-charge of two electrons, 21 and there are correlations in their positions: ͗0 ͉R•r h ͉0 ͘ϭ2 ͱ2 l B 2 0. It turns out that the probability distribution function can be presented in the following factored form
This shows that the distribution for the relative coordinate RϪr h is squeezed at the expense of that for the coordinate Rϩr h , and the variances are
Note now that the representation of ͉0 ͘ in the coordinates has a qualitatively different form,
where Z j ϭ jx ϩi jy , jϭ1 and 2. It can be seen from Eq.
͑32͒ that ͉0 ͘ is a coherent state that contains contributions from infinitely many e and h higher LL's of the effective particles. This corresponds in fact, to an additional unitary transformation involving the inter-LL ladder operators
The state introduced in Eq. ͑33͒, ͉0 ͘, corresponds to a simultaneous diagonalization of k Ϫ and ϩ :
͑36͒
The coordinate representation
shows that ͉0 ͘ is a true vacuum for both the intra-LL B e † ( 1 ) and B h † ( 2 ) and inter-LL A h † ( 2 ) and A e † ( 1 ) operators. The latter transform according to representation ͑23͒:
This allows us to perform the desirable complete transformation ͕r,R,r h ͖→͕r, 1 , 2 ͖. Indeed, using the commutativity ͓S ,A e † (r)͔ϭ0, the transformation
and Eqs. ͑20͒ and ͑36͒, we have ͉n r n R n h ;klm ͘ϭ
The overline shows that a state is generated in the usual way by the intra-and inter-LL ladder operators acting on the true vacuum ͉0 ͘-all in the representation of the coordinates ͕r, 1 , 2 ͖.
The Hamiltonian H is block diagonal in the quantum numbers k and M z ͑and S e and S h ). Morover, due to the Landau degeneracy in k, it is sufficient to consider only the states with kϭ0. This effectively removes one degree of freedom. The constraint following from conservation of M z removes another degree of freedom. This corresponds to a possible 6, 7 partial separation of the CM motion from internal degrees of freedom for a charged e-h system in a magnetic field.
From now on we will consider the kϭ0 states only, designating such states in Eq. ͑40͒ as ͉n r n R n h ;lm͘. For the Hamiltonian, we therefore arrive at the unitary transformation ͗m 2 l 2 ;n h2 n R2 n r2 ͉H͉n r1 n R1 n h1 ;l 1 m 1 ͘ ϭ͗m 2 l 2 ;n h2 n R2 n r2 ͉S HS † ͉n r1 n R1 n h1 ;l 1 m 1 ͘. ͑41͒
C. Transformed Hamiltonian
We should now work out how the total Hamiltonian H ϭH 0 ϩH int changes under the transformation S HS † ϫU eh e
͑45͒
Expanding the exponents and exploiting the fact that U eh ( 2 Ϫr) does not depend on 1 , we obtain a series
The matrix elements of the e-h interaction in different LL's are defined on wave functions ͑5͒ in the usual way as
͑47͒
Note that Eq. ͑46͒ includes contributions from infinitely many LL's. 
͑48͒
The analytical form of Ū 0m 1 0l 1 0m 2 0l 2 is given by Eqs. ͑C5͒ and ͑C7͒. For the matrix elements of the Hamiltonian H eh involving higher LL's n R , and n h in Eq. ͑41͒, we obtain infinite summations similar to Eq. ͑46͒. These can be performed by the method described in Appendix C. The mathematical tools developed in this section allow us to reduce the three-particle Schrödinger equation in B to a secular equation following from the expansion in the basis ͑40͒. Because of M z and k conservation, we have four ͑in-stead of six͒ independent orbital quantum numbers. An important property of this basis is that any truncation of it does not break the translational invariance, since the exact quantum number k has been fixed. Transformations ͑36͒, and ͑41͒, together with the properties of the transformed Hamiltonian S HS † established above, are the main formal results of this paper.
IV. X À RESONANCES IN HIGHER LANDAU LEVELS
Now we apply the developed formalism for a description of the 2e-h states in high magnetic fields,
when LL' s remain well defined; E 0 is the characteristic energy of the Coulomb interactions. Neglecting mixing between LL's ͑the high-field limit͒, the three-particle 2e-h states can be labeled by a pair of quantum numbers (n e n h ), describing the electron LL number n e ϭn r ϩn R ͓see Eq. ͑41͔͒ and the hole LL number n h . 13 For the states in, e.g., first electron and zero hole LL's (n e n h )ϭ(10), basis ͑40͒ includes states with n r ϭ1, n R ϭn h ϭ0 and n R ϭ1, n r ϭn h ϭ0 with lϪmϩ1ϭM z and kϭ0 fixed. Even in a given LL the basis is infinite. Here we present the results of numerical few-particle calculations of the 2e-h eigenspectra in several of the lowest LL's (n e n h ) obtained by diagonalization of finite matrices of order (2 -5)ϫ10 2 . Such finite-size calculations provide a very high accuracy for bound states ͑dis-crete spectra͒, and are also capable of reproducing in some detail the structure of the three-particle continuum in high fields. This is because in our approach ͑i͒ off-diagonal Coulomb matrix elements fall off exponentially, 13 and ͑ii͒ the three-particle configurational space in the high-field limit has a dimension of 1: two exact (M z ,k) and three approximate (n e ϭn r ϩn R ,n h ) quantum numbers have been fixed.
Schematically, the spectra of the triplet 2e -h eigenstates in the two lowest LL's are shown in Fig. 1 . The hatched areas correspond in Fig. 1 to the three-particle continuum. It is formed by the states of the neutral magnetoexciton ͑MX͒, which has bound internal e-h motion and extended CM motion, 22 and an electron in a scattering state; the latter on average is at infinity from the MX. For the (n e n h )ϭ(10) LL's, there are two different overlapping MX bands. One corresponds to the X 00 MX (e and h in their zero LL's͒, plus a second electron in a scattering state in the first LL. The second, narrow continuum corresponds to the X 10 MX (e the first LL and h in the zero LL͒. The lower continuum edge lies at the X 10 ground-state energy E 10 ϭϪ0.574E 0 , which, for the isolated X 10 , is achieved at a finite CM momentum K 0 Ӎ1.19បl B Ϫ1 . Importantly, in two dimensions this produces a van Hove singularity in the X 10 density of states g sing (E) ӍM 01 1/2 K 0 /បͱEϪE 10 , where M 10 Ӎ3.62ប 2 /E 0 l B 2 is the effective 22 X 10 mass. The bound X Ϫ states form discrete spectra, and are characterized by bound internal motions of all particles. Such states lie outside the continuum. In zero LL's, there is only one bound state-the triplet X t00 with a small binding energy 0.044E 0 ͑counted from the lower continuum edge͒. 12, 15 In a 2D system in the high-B limit, there are no bound singlet X Ϫ states in the zero LL's. 12 In the next electron LL (n e n h ) ϭ(10), there is also only one bound state, which is the triplet X t10 Ϫ state with a larger binding energy 0.086E 0 . 13, 15 Here we do not discuss the discrete excited three-particle states 13 that lie above LL's.
In addition, quantum-mechanical resonancesquasibound three particle states-can exist in the continuum. Such a possibility appears plausible for charged 2D MX's because of the van Hove singularities in the density of states of neutral MX's. Quasibound states, because of long-range oscillating tails, do not have normalizable wave functions. 23 Nevertheless, they have large probabilities of finding all three particles together in real space. In optical transitions quasibound states may produce Fano resonances 16 -spectra with highly asymmetric line shapes that are determined by the coupling between a quasibound state and a continuum.
FIG. 1. Schematic drawing of the 2e-h electron triplet S e ϭ1
eigenstates in zero (n e n h )ϭ(00) and first electron (n e n h )ϭ(10) LL's and the allowed internal transitions from the triplet ground state X t00 Ϫ . The shaded dot indicates the presence within a continuum of a quasibound X Ϫ state ͑see the text͒.
We have found spectra of this sort in internal transitions from the 2D triplet X t00 Ϫ ground state to the next electron LL ͑Fig. 1͒. Such X Ϫ internal transitions are strong, and gain strength with B. The transitions must simultaneously satisfy 15 the two exact selection rules ⌬kϭ0 and ⌬M z ϭϮ1. Because of the selection rules, the bound-tobound X t00 Ϫ →X t10 Ϫ transition turns out to be strictly prohibited in a translationally invariant system. 15 The allowed transitions are therefore photoionizing transitions to the continuum. They have intrinsic linewidths ϳ0.2E 0 with a sharp onset at the threshold energy that is equal to ប ce plus the X t00 Ϫ binding energy ͑transition 1 in Figs. 1 and 2͒ . There is also a prominent feature at an energy about ប ce ϩ0.5E 0 -the second peak denoted as transition 2 in Figs. 1 and 2 . The predicted 15 double-peak structure in the singlet and triplet X Ϫ internal photoionizing transitions was observed 24 in quantum wells in magnetic fields. The positions of the peaks are in good quantitative agreement with calculations performed for realistic parameters of quasi-2D quantum wells at finite fields, as described in detail elsewhere. 24, 15 The existence of the second peak was previously associated 15 with a high density of final states at the lower edge of the X 10 ϩe 0 continuum.
Our present high-accuracy calculations have revealed the fine structure of the second peak. When the spectra are convoluted with the Gaussian of the 0.015E 0 width, which simulates a relatively large inhomogeneous broadening, the second peak has a ''camel-back'' shape. However, when no artificial broadening is performed, a shape typical 16 of the Fano antiresonance is clearly present in the spectra ͑Fig. 2͒. This is an evidence that quasibound charged MX's X Ϫ exist within the three-particle continuum. Note that such states are absent in the two-particle spectra of the strictly 2D neutral MX's that have essentially bound relative e-h motion; 22 such states exist for bulk 25 3D and confined 26 quasi-1D neutral MX's. Here we considered the spectra of internal X Ϫ transitions. Resonances that are optically active in photoluminescence 14 are also expected to exist in the spectra. An experimental search for such resonances require high quality samples with small inhomogeneous broadening.
V. CONCLUSIONS
We have developed an expansion in LL's that is compatible both with rotations about the B axis and magnetic translations. The operator approach allows one to partially separate the center of mass from internal degrees of freedom for charged e-h systems in magnetic fields. The proposed unitary transformation of the Hamiltonian may be useful in various solid-state and atomic physics problems dealing with systems of charged particles in magnetic fields. Here we have considered 2D systems; however, the developed approach can also be applied to 3D systems 6, 7 for the separation of the coordinates in the plane perpendicular to B.
We have found evidence that, in addition to discrete bound states, quasibound states ͑resonances͒ of charged magnetoexcitons X Ϫ exist in the continuum of higher Landau levels in 2D systems; to our knowledge this is a qualitatively new feature in the three-particle spectra in a magnetic field. Experimentally, such states may be observed as Fano-resonances in the interband and intraband optical spectra.
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APPENDIX A: CHARGED e-h SYSTEMS WITH AN ARBITRARY NUMBER OF PARTICLES
Charged e-h complexes, such as charged multiple excitons 12 X n Ϫ and multiply charged excitons 27 X Ϫk , may be bound and stable in quasi-2D systems. Let us demonstrate that for a charged system containing an arbitrary number of N e electrons and N h holes ͑with, e.g., N e ϾN h ), a transformation analogous to Eqs. ͑15͒-͑19͒ can also be performed. Let us first separate the center of masses of the e and h subsystems. This can be done, for example, with the help of a linear orthogonal Jacobi transformation: For the electron coordinates we have ͕r ei ͖→͕r ei ͖, where r ei ϭ( ͚ lϭ1 i r el Ϫir eiϩ1 )/ͱi(iϩ1), iϭ1, . . . ,N e Ϫ1 are the internal coordinates and r eN e ϵR e ϭ ͚ iϭ1 N e r ei /ͱN e is the electron CM coor-
dinate. An analogous transformation is performed for hole coordinates. Note that the orthogonality of the transformations ensures that the R e and R h degrees of freedom carry the charges ϯe, respectively. 7 We have, therefore, where B e † and B h are the e and h CM intra-LL ladder operators. We can now see that, analogously to Eq. ͑15͒, the Bogoliubov transformation diagonalizing K 2 should involve the 
